Learning support for students with mathematical difficulties

Jan Robertson and Frances Wright

In this article we consider the nature of Mathematics, and how the tutor’s perception of the subject may influence their teaching. We consider what might be meant by ‘intrinsic Mathematical difficulty’ and how this can inform our assessment of ‘dyscalculia’. We describe what we have defined as different ‘modes’ of learning, and how many students become ‘stuck’ in one particular way of thinking. Finally, we examine a case study of one unusual student who attended the Maths Learning Centre (MLC) at De Montfort University and consider what we can learn from this case.
The Nature of Mathematics
How the student perceives Mathematics will inform their attitude to it; this is true also of the tutor.  Looking at Mathematics as a body of knowledge, there is often a mystical element to the subject which is untrue of subjects more obviously rooted in purely human concerns. To many practitioners, Mathematics is ‘out there’; numbers live in their own universe with strange and fascinating behaviour patterns which we discover, investigate and exploit to our advantage. Others observe it as a purely human invention - an expert, clever system of techniques which has arisen out of human society; its basic nature reflects the nature of the society from which it is generated.
The beliefs a teacher holds about the nature of Mathematics have a strong influence, often subconsciously, over how they endeavour to put the subject across (Ernest 1994).  Such beliefs also inform the student’s reaction to the subject, particularly if they are experiencing difficulty. 

Definition of Mathematics

How can we define Mathematics? This is no trivial question. Your answer depends, to a large extent, on your reason for making use of its ideas, concepts and techniques. However, it would seem sensible to make an attempt at a definition as a necessary first step before discussing the reasons for student difficulty. We suggest that Maths has three interconnected elements. These are:



 Acceptance of this definition raises the question of why so many students find the subject so troublesome. Some of these students show high intelligence; they can reason logically and make analyses in other fields; they have no particular visual or dyslexic-type difficulty which would inhibit their perception of pattern. 
We now look more closely at this notion of specific Mathematical difficulty.

Understanding Mathematical difficulty
Before we can gain a hold on what it might mean to define a student as having ‘Mathematical difficulty’, particularly as a neurological difference, we need to define what we actually mean by ‘difficulty’. We are surely not talking here about simple lack of knowledge. To take an analogy, suppose someone asked Jan to carry out these tasks: 
(1) Watch this sequence of dance steps, and then copy it - exactly           

(2) Translate this passage from Russian into English. 
She could do neither. But there is a difference. The dance task looks as if it should be possible - given that she can see and she can walk - but she would find it very hard as she has an intrinsic difficulty with dance; she lacks any intuitive feel and finds it hard to imitate or remember. The Russian task she would fail too, but that is simply because she does not know any Russian. In fact, she considers her linguistic skills to be rather good. So, she could possibly guess a bit, but not very much. However, given time and a good teacher or even a good dictionary, she is quite confident she could do it.
To turn this question round: if someone is said to have Mathematical competence, what is it they can actually do? Do they just have more knowledge or is there another factor here?
Identification of difficulty

How do we assess intrinsic difficulty? Imagine we have a student of high intelligence who generally has little difficulty with academic work. They are sitting with a calculator and a computer with statistical packages in front of them which they are competent to use. 
Suppose they fail to solve successfully any one of the following problems. Which would count as having an intrinsic Mathematical difficulty, in the sense that Jan has a ‘dance difficulty’ not a ‘Russian difficulty’? Which failures would seem surprising, not commensurate with their high intelligence, and give reason to suspect the existence of neurodiversity?

Questions:

1) Find 5/9 of 263

2) Winnings of £16,000 on the lottery is shared evenly between two people. How much do they get each?

3) Solve the quadratic equation: x2 – 7x + 12 = 0

4) From the data you have compiled, carry out a statistics test to test for significance

5) Which is larger, 5 or 32?

6) Which is larger, 0.24 or 0.236 ?

7) It takes me half an hour to get to the school gate from home. If my children get out at 4pm, what time should I leave home?

8) Under 18-year-olds in my bar are not allowed to drink alcohol. In order to check that this rule is not being broken, which of the following customers should I check: a 17-year-old, someone drinking orange juice, someone drinking whisky, an 18-year-old ?

9) 4 cards each have a number on one side and a letter on the other. They are in a game which has the following rule. ‘A T on one side always implies a 3 on the other.’  The cards are in front of you, reading: W, T, 7, and 3. Which of the cards do you have to turn over in order to check if they obey the rule and thus are suitable for the game?

We would suggest the significant ‘question failures’ would be (2),(5),(7) and (8). These would seem to indicate a lack of ease of reasoning and intuition with simple Mathematical concepts, number systems and data which would indeed be surprising in someone of high intelligence (and computer to hand). The others, in our view, do not. (3) involves a particular technique which may well have been forgotten (or never studied) and so, perhaps more surprisingly, does (1). The fact that one is algebraic and the other numerical we do not consider particularly significant. In some ways, there is even somewhat more of a case for (3), as the equation can be solved by ‘trial and error’ without using the technique. (1) cannot, as the solution is not a whole number. As for (4), the reason they cannot do it on the computer is almost certainly because they do not know which test to use; this requires a greater degree of sophistication than is generally realised. Nevertheless with good teaching this can in most cases be remedied, given time. (6) is frequently misinterpreted by many people - decimal notation is indeed somewhat problematic and illogical. Finally, (9) is a well-known logic puzzle exactly analogous to (8) yet with an extremely high failure rate even among the academically able (Pinker 1997 – for references, see end of next paper).

The assessment of dyscalculia
Dyscalculia is sometimes defined in an analogous way to dyslexia: as a discrepancy between general intellectual ability and competence with numbers. The problem with this is that numbers are not the medium for communicating academic ideas to others in the way that words do.  Testing ability to carry out numerical sums or even algebraic algorithms tells us very little about someone’s Mathematical competence. Inability to carry out calculations using paper and pencil may be lack of experience, or motivation; failure of memory; or just simple lack of knowledge of that particular type. Worse, it is actually an unnecessary skill in 90% of cases as calculators and computers are widely available. (There are exceptions in certain work situations such as drug calculations for nurses, but we ignore these for now.)
In our experience, what students generally have intrinsic difficulty with is Mathematical  reasoning - especially using Mathematical symbols and language, generalising and abstracting, applying general principles to unfamiliar fields, sorting information, decision-making where Mathematical ideas provide the criteria, and finally – sometimes - understanding basic concepts such as number, time, shape and movement. A lack of competence on this last may indicate the true dyscalculic but without comprehensive testing it is often still open to doubt.

Three modes of thinking

We would not deny that Maths is a linear, cumulative subject where new concepts are founded on older simpler notions. However, we feel this is often wrongly interpreted as meaning that numeracy must be completely mastered before embarking on algebra, and all forms of algebra must be completely mastered before the doors are opened to higher Mathematical themes at university. Indeed, we would argue that these distinctions between essentially primary Maths, secondary Maths and tertiary Maths are limiting at best and downright misleading at worst. Many excellent Mathematicians are not particularly good at arithmetic - or are even bad at it. Many dyslexics have difficulty with times tables, yet master and enjoy algebra, and have high Mathematical reasoning skills. You may well have memory difficulties which cause you to forget the quadratic formula, but you can look it up. The important issue, especially at university studying Engineering, for example, is that you know how to use it and can, because you have a deep knowledge of where it comes from, generalise its use to other situations - pure or practical - where it requires adaptation. The same is often true of statistical techniques, which have increasing importance for students in many different fields.

We would like now to offer a possible alternative to the primary, secondary, tertiary Maths hierarchy.  Our model has three modes of Mathematical activity. The idea is that mathematically competent students can pass from one mode to the other with ease. Those experiencing difficulty can be imagined as being ‘stuck’ in one mode and unable to move onwards.  The truly dyscalculic student may be unable to access any of the modes.


The toolbox mode may well be the most familiar. Many believe that this is Mathematics. In here lie numerical algorithms, paper and pencil calculations -  ‘sums’ in other words - long division and the like. Also, perhaps to some more surprisingly, we find here algebraic techniques, solution of equations of certain types, substitution in formulas and the rules of differentiation. It goes without saying (but we will say it anyway) that good knowledge of the toolbox is useful - often extremely useful. If you have a good memory, you can get away really with not having a clue why some of these algorithms work – and not caring - but can happily apply them to situations which are familiar.

There is the catch. When the situation (for whatever reason) is slightly unfamiliar, your knowledge is so superficial that you cannot generalise or adapt. You frequently ‘cannot get off the ground’. You cannot make decisions about which tool to use - and it is irrelevant here whether your technique is on paper, in a calculator or computer package. If the lecturer misses out a few steps in the argument (time-pressed lecturers frequently do this) you are lost because you can only follow the same time-honoured routine path in exactly the same way. This is the very common situation many HE students find themselves in - and perhaps the most common reason they come to our MLC.

The Abstract mode
The long-term solution (given enough time) is to help students gain greater access to what we are calling the ‘ abstract mode’. This, we argue, is ‘real’ mathematics. If you can learn to reason, using the true power of Mathematical symbols to abstract, you can rise above superficial routine applications and create for yourself methods which work in a wide range of scenarios. You gain the confidence to make more intelligent guesses at what the ‘gaps’ might be in the lecturer’s reasoning; the very fact of a greater active participation helps the memory. If you discover something for yourself, even with guidance, you are far more likely to remember it, for a start, and be able to adapt it if necessary. The ‘abstract mode’ has a direct path to the toolbox (as seen on the diagram); it strengthens and makes it more flexible – it is not an ‘ivory tower’ of unnecessary academic pure Mathematical distraction.

The tool box could be considered to be, or at least to contain, the formal language of Mathematics as understood by those educated in our culture.  It is the medium through which Mathematical ideas are taught in our schools.  However it is not the only medium in which Mathematical thoughts can take place. 
There have been many studies. Tobias (1978 ) was the first and is still the most widely quoted, of adults who would appear to be virtually innumerate as measured on most tests but who have been observed to behave as if the tests were providing incorrect readings. For example, Tobias observed that the housewives in her study performed a range of numerical operations such as estimating and rounding when shopping, but faced with the same problems presented formally could not do them.  These housewives can be said to be operating in the intuitive mode.

Other studies (e.g. Hoyles et al 2002) have observed groups of workers who know what they are doing but are not able to explain it.  These include warehouse workers who knew exactly how to stack boxes and nurses who knew how to dispense the correct drug dose. 

In these cases the barrier to accessing the toolbox could be dismissed as a simple lack of, or failure of, formal education.  But this diminishes the achievements of these people and ignores the Mathematical methods they must surely be using.  There is no doubt that a number of the students we meet are good intuitive Mathematical thinkers, but because they do not have any access to the tool box mode they define themselves as ‘no good at Maths’.  We would argue that as Maths educators we need to take this mode of thought seriously and give credit for it in order to give these students the confidence to try to understand the tool box, which should be conceived of as an addition, not an alternative, to their intuitive thought processes. As the diagram above indicates, the abstract mode may often be the key to linking these together.

The key words associated with each of our ‘modes’ are outlined below:-

1)Abstract mode: creative activity; decision–making; discovery

2)Tool-box mode: numerical operations; symbolic representation; numerical and algebraic techniques; mathematical language

3)Intuitive mode: mathematical-type activities (concrete); specific problem-solving. 

The most competent Mathematical thinkers are able to access all three modes, depending on their needs at the time. They use their intuition but are able to analyse it, abstract, generalise and adapt in a creative way; they remember relevant tricks and techniques - or know where to quickly look them up - and are confident in their facility with Mathematical symbols.

We are suggesting that students with difficulty are stuck in a particular mode and cannot shift their perception. We now consider each of the modes, plus the advantages and disadvantages of competence within them - and if this is allied to a problem, moving out to another when necessary.
Operating in the modes

1) Stuck in the Intuitive mode (very common in the general population)
Abilities: Solution of problems in your everyday and working life, which work and you feel comfortable with

Disabilities: Cannot generalise to new situation; unaware of ‘ how you are doing something,’ so foxed if even a slight change arises (indeed, you cannot judge whether it is slight or momentous) e.g. generalising from familiar ‘everyday life’ situations involving money or time to less familiar ones with weights, lengths, temperature even if based on similar principles

An analogy: A musical composer, no matter how brilliant, who can only compose ‘by ear’ and cannot read music, cannot easily communicate his ideas to others, generalise his ideas or analyse them in order to develop them.
2) Stuck in the Toolbox mode (very common among HE students)
Abilities: With a good memory, you can apply the algorithms to possibly a fair range of problems given certain key words and classic situations

Disabilities: If you lack the path to the abstract mode you cannot make decisions (e.g. which statistical test shall I use), so you often have difficulty in getting off the ground, and cannot generalise to the wider situation - so you lose the overview. If you lack the path to the intuitive mode, you have difficulty with estimating, thus with judging whether the answer is reasonable and spotting errors. You are also very reliant on memory
An analogy: No matter how expert your driving ability and knowledge of certain standard responses to common problems might be, if you have no overview of how your car operates mechanically, you will not be able to attempt to fix it if it stalls unexpectedly in the middle of nowhere.
3) Stuck in the Abstract mode (unusual, but possible)
Abilities: Understand the underlying principles; wide overview; can apply understanding gained in one field to another. If you are going to be ‘stuck’ somewhere, the abstract mode is the least problematic because by definition you may be able to generalise from understood systems to less familiar ones
Disability; If you lack the path to the toolbox, this may not really be a problem, as others can be asked or you can look it up or use a computer!  Occasionally though, it could be time-consuming and you can ‘lose the thread’. It also may cause you to lose your confidence, particularly if a tutor does not recognise your abilities.
If you lack the path to the intuitive mode, you do not have the intuitive help that leads to deeper, and often sudden insights. It can handicap your reasoning and also make it harder to apply your abstract insight to practical situations

An analogy: You have a clear understanding of the chemical processes involved in cookery - able to work out exact timings and quantities from your knowledge of this - but are actually not a very good cook because of clumsiness, inaccuracy in the actual handling, and lack of intuitive ‘feel’ for the process.

Students who come for support

Now let us look again at those students who come to us at the MLC. We shall ignore those who simply wish to check a quick detail with us, or those whose real difficulty lies with their actual subject. We are also ignoring, for now, those who are dyslexic, which often has a ‘knock-on’ effect on Maths, particularly as regards sequencing and copying. We are considering those students who come defining themselves as having difficulties as specifically Mathematical in nature.
Our suggestion is that it might be useful to consider them in 4 categories:

1) Stuck in the toolbox mode. This is the most common. They are unable to generalise, fill in gaps in reasoning, deal with new situations, or take decisions. They frequently say:  ‘Tell me what to do’
2)  Stuck in the intuitive mode. This is the often the case for mature students who have been away from education for a while. They are sometimes ‘Maths-phobic’ and always unable to build on their clear practical strengths or even recognise them. They frequently say:  ‘I’m hopeless at Maths’
3) Stuck in the abstract mode. This is rare, but it is possible, and does occur. These students are so interested in the abstract, and the wider view, that they find it hard to apply their knowledge to the specific, and are bored with ordinary number or simple algebraic algorithms. Teaching methods based on intuitive ‘practical’ or visual concepts do not work well with them. They frequently say: ‘It hasn’t been justified properly; there’s not enough evidence for this ; this just isn’t logical’

4) Unable to access any of the modes. This is also rare, but possible. We would suggest this is true dyscalculia. These students have real difficulty with basic Mathematical concepts of space, movement, time and ordering, even in common everyday situations. Classically, they would be unable to answer question (5) or (7) in the list above.

Why students ‘get stuck’

So why does this happen? The reasons are many and varied. The two most important are as follows.

Firstly there is, we believe, frequently a difficulty with the actual perception of Mathematical entities such as fractions, decimals, or even whole numbers. This causes students to cling to the ‘toolbox’ without real understanding - or they remain unable to perceive how their intuitive methods relate to the algorithms. There are other students who recognise - correctly - that there are anomalies within the various number and algebraic systems and are unable to ‘get past’ that irritation. These issues are explored further by Jan in the following chapter.

Secondly, poor teaching is unfortunately frequently a feature of Mathematics training. Badly planned lessons and poor explanations exacerbate the problems mentioned above. There is also a tendency for Maths teachers (perhaps themselves acting from a perception of Maths as a mystical set of ‘rules’ passed down from on high) to use disciplinarian forms of classroom control that cause fear and humiliation. 

The interaction of these and other factors such as family expectations results in the widely held view that 'Maths is difficult' and produces a syndrome in which the student believes they cannot do Maths and their performance confirms this belief.  ‘Maths phobia’ is a common problem which can be difficult to eradicate.

A case study
Finally, Jan looks at one student: a somewhat unusual one, but whose case, we think, illustrates clearly many of the issues considered above, in particular the problems with assessment of specific mathematical difficulty.    
“Graham” came to the MLC, telling us that he had been assessed for dyslexia and been diagnosed as moderately dyslexic but with serious problems in Maths; it had been suggested he could be dyscalculic.
From his Educational Psychologist’s assessment, his scores in reading, writing and spelling were below average despite high intellectual ability. Verbal reasoning was superior and non-verbal reasoning average.  The conclusion was that his achievements in English were not in line with his general ability, hence the diagnosis of moderate dyslexia. For Maths in particular, however, he had a well below average score, thus suggesting that there was a specific difficulty here.  Reading and spelling were on the 47th and 53rd percentiles, respectively, but Maths was on the 9th percentile.  

Graham himself spoke of difficulty in Maths throughout school and on his university course, and suspected he was dyscalculic. I imagined working our way slowly through percentages, decimals, fractions and the like.
It was a shock to discover that he was actually on an MSc course in Signal Analysis!
What Graham could not do:

What is:  
2 + 5/3 ?

                    4 ÷ 3/5 ?

He had no understanding of fractions at all – “couldn’t be doing with the things”. He could not even much be bothered putting them in a calculator - they bored him so much. Patient work on my part with drawings of pizzas, cakes etc. were absolutely to no avail.

What Graham could do:

a/b   ÷   b/c is defined as ac/b2
What is 2/3 ÷ 3/5 ?
Now, he was happy, certainly with a calculator, and even - just slightly reluctantly - without one. This (rather scarily) he could also do:

Question (Groups)
a, b and c are members of a new idea called a group.

ab does not mean multiplication, indeed a and b may not be numbers. However, an is aaaaa----- n times.

I is called the identity. Ia = aI = a

The same is true for b and c.

ab = ba = c    ac = ca = b   bc = cb = a
a2 = b2 = c2 = I


Find abc and a3
Graham’s Answer
abc

ab = c


So, abc = cc     cc = c2

c2 = I


So, abc = I                            

a3

a3 = a2a


a2a = Ia
Ia= a


So, a3 = a

He even said: This is fun! Have you got any more like this?
I have many choice quotes from Graham. Here are three:

· Why do they never say when they are extending the definition?

· In Maths, they are always changing the goalposts

· It just isn’t logical- programming is logical, Maths isn’t.

Graham was a pure logician; happiest when dealing with abstract ideas - the more abstract the better - as long as they were properly defined. He was a real pedant about defining your terms and being explicit about assumptions. It seemed to me he was in many ways an excellent Mathematician - in approach, creativity and logical thinking. Yet he lacked intuitive skills and was bored by algorithms which he could not remember, partly because of his dyslexia and partly because of sheer boredom and irritation with anything he did not fully and wholly understand.

	What he could cope well with
	What he couldn’t cope well with

	Abstraction
	Concrete situations

	Concept of variable, constant, algebra, generally
	Fractions, percentage, basic numerical calculations without a calculator

	Logical reasoning with lots of steps into deep complex ideas
	‘ Jumps’ in reasoning where steps are missed out

	The concept of infinity
	The concept of  division with fractions

	Substituting in a formula
	Remembering algorithms

	Making deductions which follow logically even in a long chain of steps
	Acceptance ‘ on trust’ of ideas which are not yet quite clearly defined

	Totally new ideas so long as clearly defined
	Rule-breaking unless made explicit

	Replacing one element (e.g. variable/function etc.) by another in a process (e.g sin x by cos x)
	Remembering the previous step         ( e.g. the state of the equation) when going on to a new page

	Hypothesising —‘ what if?’ consequences even if assumptions are bizarre
	Acting instinctively, ‘ on a hunch’

	Manipulating new abstract symbols in a logical way once defined
	Understanding a symbol such as ∫ as an instruction; the word ‘integrate’


The original assessment given to Graham consisted of numeracy questions, to be done without a calculator. In one example I looked at, half involved calculation with fractions. These are exactly the kind of question Graham had difficulty with but I cannot see how anyone could possibly then deduce that Graham had difficulty with Maths in its entirety.

Indeed surely nobody reading Graham’s quick answer to the group theory question (he had never met this subject before) could possibly say, with the definition of Maths postulated earlier, that Graham had difficulty with Maths. Yet, he did have some kind of block, possibly connected to his dyslexia.  He was a bit unusual, but I have met students before with this type of thinking. I would say he was a clear example of someone ‘stuck in the abstract mode’. Whether you accept my analysis or not, he does illustrate the important point that students faced with Maths are coming from many different places and this requires sensitivity - particularly with assessment.
Conclusions from the case study

1. There is surely a real need for a Mathematics test at the HE level which tests genuine abilities/disabilities in the whole area of Mathematics, perhaps giving some kind of ‘Maths profile’. Maths is not just numerical aptitude, particularly with computers and calculators ready to be used.

2. Different subjects require different degrees of separate Mathematical abilities. It would probably be helpful to analyse this much more thoroughly. It is just not enough to say things like ‘GCSE grade C is needed’.

3. Graham would have been greatly helped if the module book had been better designed. There were frequent page-turnings at inopportune points in the argument. Sometimes the steps were written horizontally, sometimes vertically; it was often very hard to follow for me, let alone someone who is dyslexic tackling these ideas for the first time.

4. We sometimes assume, I feel, that students are having difficulty with an abstract idea because it is weird, non-specific, and difficult to visualise, see an immediate application, or put into a concrete context. In Graham’s case, it was much more to do with looseness of definition, lack of explicitly defined assumptions, and, above all, jumps in steps.

5. Is Maths really as 'linear’ as we often think? Do you really have to know how to divide numerical fractions, before tackling division of algebraic fractions? Is it possible to grasp the ideas within complex number theory while still reaching for the calculator to work out 7 x 6? Graham could.

General conclusions 

· Mathematics is more than ‘sums’

· Any definition of ‘mathematical difficulty’ needs to follow from a definition of ‘mathematical ability’. 

Graham illustrated that students who cannot do fractions are by no means necessarily 'bad' at Maths. Mathematical abilities such as logical thinking should not be confused with memory for rules and algorithms. 

· To help students with ‘mathematical difficulties,’ we need to have a mind set which includes a range of ways of explaining how to get to the answer AND considers the student’s relationship with and reaction to the subject.

We have sought to differentiate the hierarchical model of Mathematical progress, which is correctly reflected in our system of schooling, from the cognitive process involved in Mathematical thinking - by proposing a 'modes of activity' model.   
Finally, we suggest that for a whole variety of reasons, students have a relationship with this subject with is often very emotionally charged.  

Afterthought

In 1957 the Russians beat us into space with Sputnik, prompting Western governments to review Maths and science education.  Since then a great deal of research has been carried out into how children learn Maths, as a result of which school Maths teaching has improved.  We are delighted to see that this research is now being supplemented by a growing literature of techniques for teaching dyscalculic students.  

However, it seems to us that there are three elements in the teaching of a Mathematical idea: the teacher, the student and the concept to be conveyed. The teacher comes with their own ideas of what Maths actually is and therefore how it should be put across; the student has their own perceptions of the subject which may involve misconceptions of all kinds plus emotional reactions in addition to any neurological differences; the concepts themselves range from easy ideas that can be easily related to common sense to abstract ones which cannot, or which are based on previous learning. The key to successful support is to find out where the student is as regards their style of learning, previous understanding, misconceptions and emotional responses.

This is a process of discovery, involving perceptive observation and analysis - a bit like good Mathematical thinking itself!

(for References, see end of next chapter)
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